Illustration

Math for the Movement of Rigid Bodies

’ Here is a bit of what it takes to deal with arbitrary movements or translation plus rotation of a rigid body. The pictures
are straight form Wikipedia.
Note that it is hard to express all that without equations

Motion in space of a rigid body, and the inertia matrix i)

The scalar moments of inertia appear as elements in a matrix when a system of particles is assembled into a rigid
body that maoves in three-dimensional space. This inertia matrix appears in the calculation of the angular
momentum, kinetic energy and resultant torgue of the rigid system of particles. 2% s

m

For analysis of a spinning fop, see Precession § Classical (Newtonian), and Euler's equations (rigid body

dy 1GS).
Let the system of n particles, Fj,4 = 1,...,7n be located at the coordinates ¥y with velocities v; relative to a
fixed reference frame. For a (possibly maving) reference point R the relative positions are

Ar;=r1; - R

and the (absolute) velocities are

v, = wx Ar; + Vg
where w is the angular velocity of the system, and Vg is the velocity of R
Angular momentum [ edit]

Mote that the cross product can be equivalently written as matrix multiplication by combining the first operand and
the aperator into a, skew-symmetric, matrix, [b], constructed from the companents of b = (by, by, b. )

bxy=[bly
0 —b b,
bl=|b 0 -b
b, b, 0

The inertia matrix is constructed by considering the angular momentum, with the reference point R of the body
chosen to be the center of mass C-1°/2

n
L=Em, Ar; v

i=1

m; Ar; % (w x Ar; + Vg)

i n
—Em,ﬂr‘ % [Ar; = w)) + (Zm, Ar; % VR) s
i=1

i=1

—

where the terms containing Vg (= C) sum to zero by the definition of center of mass

Then, the skew-symmetric matrix [Ar;] obtained fram the relative position vector Ar; = r; — C, can be used
to define,

Tt
L= ( Zm,[ﬂr,]a) w = Ipuw,
-1

where I defined by
n
2
Ic = -5 mifarn],
i=1

is the symmetric inertia matrix of the rigid system of particles measured relative to the center of mass C.
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Kinetic energy [ edit]

The kinetic energy of a rigid system of particles can be formulated in terms of the center of mass and a matrix of
mass moments of inertia of the system_ Let the system of n particles Py, 4 = 1,...,n be located at the
coordinates ¥; with velocities ¥, then the kinatic energy is2HI8!

1< 1<
EK =EZmiv.§-v§ =EZm;(wxﬂr,-+Vg]-{w>(ﬂr,-+Vg],
i=1 i=1

where Ar; = r; — C is the position vectar of a particle relative to the center of mass.
This equation expands to yield three terms
]. 1 n 1 1
E; = — m; (w x Ar;) - (w = Ar;) | Zmﬁvc-(wxﬂrf] F = Zm;VC-VC
2 i=1 i=1 2 i=1

The second term in this equation is zero because C is the center of mass. Introduce the skew-symmetric matrix
[Ar;] 50 the kinetic energy becomes

Eyx = % (im, {[ﬂr, w) - ([ﬁl‘g]w]) + 1 (Zﬂ:ﬂh‘) Ve -V
. % (i my (wT [&r,-]-r [&rf]m)) [ (i m,-) Ve Ve

1 R ) 1{&
— Ew- (—Zmi[.ﬁr‘;] )w+ 5 (;”li) Ve - Ve.

i=1

1 ST T

Thus, the kinetic energy of the rigid system of particles is given by
1

1
Ex = Ew—Icw+EMV%.

where Ig is the inertia matrix relative to the center of mass and M is the total mass.

Resultant torque [ edit]

The inertia matrix appears in the application of Mewton's second law to a rigid assembly of particles. The resultant
torque on this system is, 218

T
T = Z:[r1 - R) x mya;,
i=1
where &; is the acceleration of the particle PP, The kinematics of a rigid body yields the formula for the

acceleration of the particle P, in terms of the position R and acceleration AR of the reference point, as well as
the angular velocity vector w and angular acceleration vector € of the rigid system as,

a=ax(r;, R)twxwx(r; —R)+ Ag.

Use the center of mass C as the reference point, and introduce the skew-symmetric matrix [Ar;| = [r; — C|
to represent the cross product (r; — C)x, to obtain

T= —Zm;:ﬂ.ri]ﬂ a+wx —Eﬂ%[ﬂ;r,]2 w
i=1 i=1
The calculation uses the identity

Ar; < (w x (wx Ar;)) + w % ((w < Ar;) « Ar;) =0,

obtained from the Jacobi identity for the triple cross product as shown in the proof below:
Proof [show]

Thus, the resultant torque on the rigid system of particles is given by
T=Ica+wxIcw,

where I¢ is the inertia matrix relative to the center of mass.
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